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We prove that a sequence of hyperdifferential operators is an orthonormal basis
of the space of continuous Fq-linear functions on Fq[[T ]]. By Conrad’s digit
principle, the q-adic extensions of this sequence, called the digit derivatives, turn
out to be an orthonormal basis of the whole space of continuous functions on
Fq[[T ]]. We then give the explicit derivation of the formula for digit derivative
coefficients.  2001 Academic Press
1. INTRODUCTION
Let Fq[T ] be the ring of polynomials in one variable T over a finite field
Fq of q elements and let K=Fq((T)) be the field of formal Laurent series
with coefficients in Fq with the absolute value | } | associated to the usual
discrete valuation v. Then the discrete valuation ring of v consists of formal
power series in T, which we denote by O=Fq[[T ]].
Let C(O, K ) be the K-Banach space of continuous functions f: O  K
with the sup-norm & f &=maxx # O [ | f (x)|] satisfying the ultra-metric
inequality ([S]):
For f, g # C(O, K ), & f+ g&max[& f &, &g&].
And let LC(O, K ) be the closed subspace of continuous Fq-linear functions
f: O  K under the metric induced from C(O, K).
Recently, the close relationship between orthonornmal bases for the
entire space C(O, K ) and those for the subspace LC(O, K ) is revealed by
K. Conrad [Co]. He develops the digit principle, which says that any
orthonormal basis of the subspace extends an orthonormal basis for the
entire space via q-adic digit expansion of non-negative integers.
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In this paper, we first show that a collection of hyperdifferential
operators, introduced by Hasse, is an orthonormal basis of LC(O, K ), and
derive the formula for expansion coefficients in the explicit form as done in
the Carlitz linear polynomials. We mention here that B. Snyder [Sn] inde-
pendently established the same result by imitating Wagner’s arguments
[W2] and then a much simpler proof is also given by Conrad [Co].
By the digit principle, the q-adic extensions of this sequence, called the
digit derivatives, turn out to be an orthonormal basis of C(O, K) and then
we will derive the formula for digit derivative coefficients. To do this, we
introduce the terminology order of a function in the K-linear span
generated by the digit derivatives. By imitating Carlitz arguments for poly-
nomials [C2] we explicitly give the formula for the expansion coefficients
of functions in the linear span. From this we can easily give a simple and
alternate proof of the orthogonality for the digit derivatives and deduce the
desired formula for digit derivative coefficients.
The formula is already observed by the author in [J3] but its proof is
based on the orthogonality for the digit derivatives. The proof we give here
does not depend on the orthogonality property, which follows by applying
Yang’s computations [Y] to the digit derivatives instead of Carlitz polyno-
mials.
2. CARLITZ LINEAR POLYNOMIALS AND CARLITZ
POLYNOMIALS
Let O=Fq[[T ]] and K=Fq((T)) be the same as given in the introduc-
tion. Then every element x # K* is written uniquely as x=n=n0 an T
n
where n0 is the least integer for which an{0. We set v(x)=n0 for x # K*
with additional convention v(0)= and put |x|=q&v(x). Then | } | is a
normalized discrete non-Archimedean absolute value on K and K is
complete with respect to | } |. Recall that C(O, K ) is the K-Banach space of
continuous functions f: O  K with the sup-norm & f &=maxx # O[ | f (x)|]
and LC(O, K ) is the subspace of continuous Fq -linear functions f: O  K.
Let
en(x)= ‘
deg(:)<n
: # Fq[T ]
(x&:), n1; e0(x)=x.
Let F0=L0=1 and for n1 let
Fn=[n][n&1]q } } } [1]q
n&1
, Ln=[n][n&1] } } } [1],
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where [n]=T qn&T. It is well-known [C1], [Go2] that en(x) is an Fq -linear
polynomial of degree qn with coefficients in Fq[T ], as it has an expansion:
en(x)= :
n
i=0
(&1)n&i
Fn
Fi Ln&i q
i x
qi. (1)
Definition 2.1. (1) Put En(x)=en(x)Fn for any integer n>0 and E0(x)
=x. We call [En(x)]n0 Carlitz linear polynomials.
(2) For the q-adic expansion of a non-negative integer j,
j=:0+:1q+ } } } +:sqs
with 0:i<q, put
Gj (x) := ‘
s
n=0
E :nn (x), j1; G0(x)=1,
and
Gj*(x) := ‘
s
n=0
G*:n qn(x),
where
G*:q n(x)={E
:
n(x)
E :n(x)&1
if 0:<q&1
if :=q&1.
We call [Gj (x)] j0 Carlitz polynomials.
These Gj (x) and Gj*(x) are polynomials of degree j and satisfy various
identities such as the binomial identity. Moreover, it is known in [C2] that
Gj (x) and Gj*(x) are integral-valued polynomials, which means that Gj (:)
and Gj*(:) belong to Fq[T ] for any : # Fq[T ]. More generally, f is called
an integral-valued function if & f &1.
Definition 2.2. Carlitz difference operators, 2(n) are defined recursively
as follows:
(2(n)f )(x)=2(n&1)f (Tx)&T qn&1 2(n&1)f (x), n1; 2(0)=id. (2)
These difference operators apply to Fq -linear polynomials or more
generally to Fq -linear continuous functions. We denote 2(1) by 2 and the
difference between 2(n) and 2n is clearly noted for the latter is the operator
obtained by iterating 2 to itself n times. Later, we shall use the result of
167HYPERDIFFERENTIAL OPERATORS
section 2 (Theorem 3.5) to show that the collection of Carlitz difference
operators, [2(n)]n0 is a K-linear continuous endomorphism of LC(O, K ).
Definition 2.3. Let K be a non-Archimedean complete local field, and
E be a K-Banach space. We say that a sequence [ fn]n0 in E is an
orthonormal basis for E if and only if the following conditions are satisfied:
(1) every f # E can be expanded uniquely as f =n=0 an fn .
(2) [an]n0 is a null sequence in K, that is, an # K  0 as n tends
to .
(3) The sup-norm of f is given by & f &=max[ |an |].
Following the arguments of Amice in [Am], C. Wagner [W1] first
employed Newton type interpolation polynomials to establish a function
field analogue of Mahler’s expansion theorem on p-adic continuous func-
tions. It was also shown by D. Goss [Go1] with different arguments.
Theorem 2.4. (1) [Gj (x)] j0 is an orthonormal basis of C(O, K ).
(2) Let f =j0 Aj Gj (x) be an interpolation series of f # C(O, K ) in
terms of Carlitz polynomials. Then Aj can be determined by the formula: For
any integer s such that qs> j,
Aj=(&1)s :
deg(:)<s
: # Fq[T ]
G*qs&1& j (:) f (:).
Wagner [W3] also gave an alternate proof of Theorem 2.4 by directly
showing that the series n=0 Aj Gj (x) converges uniformly to f (x) on
Fq[[T ]] where A j is given above. As a corollary to Theorem 2.4 he
showed
Corollary 2.5. Let f be given as in Theorem 2.4(2). Then f # LC(O, K )
if and only if Aj=0 for j{qn, where n0.
Wagner [W2] used non-Archimedean analysis to give another proof of
Corollary 2.5 by showing for a given continuous Fq-linear function f that
the series n=0 Aqn En(x) uniformly converges to f (x) on Fq[[T ]].
Theorem 2.6. (1) [En(x)]n0 is an orthonormal basis for LC(O, K ).
(2) Let f =n=0 anEn be a representation of f # LC(O, K ) with
respect to En . Then the coefficients [an]n0 can be recovered by the Carlitz
difference operators 2(n):
an=2(n)f (1).
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3. HYPERDIFFERENTIAL OPERATORS
In this section we introduce a sequence of Fq -linear operators, called
hyperdifferential operators, Dm , m0, defined by
Dm \: ai T i+= \ im+ ai T i&m.
These operators were first introduced by Hasse [H] and then studied by
Hasse and Schmidt [HS] and Teichmuller [T]. Like the ordinary higher
derivatives, hyperdifferential operators satisfy various properties such as
the general product rule and the chain rule, etc. We refer the reader to
[HS], [T], and [Sch] for basic properties of hyperdifferential operators Dm .
Voloch [V] showed that as a function in LC(O, K ), each Dm has a
unique expansion in terms of Carlitz linear polynomials En(x).
Proposition 3.1
For any x # O, Dm(x)= :

nm
An, mEn(x), (3)
where An, 1=(&1)n&1 Ln&1 and for m>1,
An, m=(&1)n+m Ln&1 :
0<i1 } } } <im&1<n
1
[i1][i2] } } } [im&1]
. (4)
Proof. See [V] or [Sn] for a detailed proof. K
We first note from Eq. (4) that Am, m=1 for each non-negative integer m.
With representations of Dm in Proposition 3.1 we calculate the norms.
Lemma 3.2. For any m0 we have &Dm &=1.
Proof. It is clear to see that &D0&=1 as D0(x)=E0(x)=x. For D1 we
calculate &D1&=maxn1 [q&n+1]=1. To obtain the desired result, we
then claim that |An, m ||Am, m |=1 for any 2mn. It suffices now to
show that 0=v(Am, m)v(An, m). From (4) we calculate v(An, m)n&1+
min0<i1 } } } <im&1<n[&v([i1] } } } [im&1])]n&1+(&m+1)n&m. Hence
it completes the proof.
We consider a set of polynomials of the form xq n in LC(O, K ). These
polynomials have a simple representation in terms of Dn(x), which is first
observed by Voloch [V].
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Proposition 3.3.
For any x # O, xqn= :

m=0
[n]m Dm(x). (5)
Proof. Since both sides of the equation are continuous Fq -linear
operators on O, it suffices to check both sides holds for x of the form T s
where s is a non-negative integer. But it is straightforward to check this. K
To get a relationship of En(x) with Dm(x) we use Carlitz’s formula (1)
and Eq. (5) to get
En(x)= :
n
i=0
(&1)n&i
F i Ln&i q
i x
q i= :
n
i=0
(&1)n&1
Fi Ln&i q
i \ :

m=0
[i]m Dm(x)+
= :

m=0 \ :
n
i=0
(&1)n&i
Fi Ln&i q
i [i]
m+ Dm(x)
= :

m=0
Bm, n Dm(x), (6)
where
Bm, n= :
n
i=0
(&1)n&i
F i Ln&i q
i [i]
m. (7)
On plugging 1, T, T 2, ..., T n&1 into Eq. (6) successively, we see that
Bm, n=0 if m<n and Bn, n=1 since en(T n)=Fn . This yields the inversion
formula to Voloch’s identity in Proposition 3.1 in the following. This
formula is also verified by Snyder [Sn].
Proposition 3.4. For any x # O, En(x)=mn Bm, n Dm(x), where Bm, n
are explicitly given by Eq. (7).
By Wagner’s result (Theorem 2.6), Proposition 3.4 implies that the set
SpanK[Dm , m0] is dense in the space LC(O, K ). Parallel to Theorem
2.6, we will now show that the sequence, [Dn]n0 is an orthonormal basis
of LC(O, K ).
Theorem 3.5. (1) [Dn(x)]n0 is an orthonormal basis for LC(O, K ).
(2) Let f =n=0 bnDn be a representation of f # LC(O, K ) with
respect to Dn . Then the coefficients [bn]n0 can be recovered by iterating the
Carlitz difference operator 2:
bn=(2nf )(1)= :
n
i=0
(&1)n&i f (T i) Di (T n).
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Before preceeding, we mention that B. Snyder [Sn] independently estab-
lished an alternate proof of Theorem 3.5 by showing for any f # LC(O, K )
that the series n=0 (2
nf )(1) Dn(x) converges uniformly to f (x) on O. He
does this by imitating the arguments of Wagner [W2].
The proof we will now give is based on the following criterion for
orthonormal bases of Banach spaces on local fields.
Theorem 3.6. Let K be a non-Archimedean complete local field, and E
be a K-Banach space, and [ fn]n0 be a sequence of orthonormal elements
whose SpanK[ fn : n0] is dense in E. Then [ fn]n0 is an orthonormal basis
for E.
Proof. See Theorem 50.7 in [S] for proof. K
To apply [Dn]n0 to Theorem 3.6 in the case where K=Fq((T )) and
E=LC(O, K ) we need only to show the following lemma because we
already know SpanK[Dn : n0] is dense in LC(O, K ) and Dn have norm 1.
Lemma 3.7. [Dn]n0 is orthogonal.
Proof. To prove orthogonality, it suffices to show that for any integer
n0, and *0 , *1 , ..., *n # K, &nm=0 *mDm&=max0mn[ |*m |] (see Prop.
50.4 in [S]) as &Dn&=1. Together with the ultrametric inequality, we use
induction on n to show that the norm equality holds. But we leave an
exercise for checking to the reader. We refer to [J1] for a detailed proof
and to [Co] for a fancy proof without using the orthogonality criterion
above.
Proof (of Theorem 3.5). Part (1) follows from Theorem 3.6, Lemmas
3.2, 3.7 and the remark to Proposition 3.4. For Part (2), the first equality
is immediate for 2Dn=Dn&1 . To get the second equality we shall use
induction on n.
For n=0 it is clear as D0(1)=1 and b0= f (1). Suppose now that the
formula above holds for i<n. By plugging x=T n into f (x), we get
f (T n)= :

i=0
b i Di (T n)= :
n
i=0
bi Di (T n).
As Dn(T n)=1,
f (T n)=bn+ :
n&1
i=0
bi Di (T n)
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so
bn= f (T n) Dn(T n)& :
n&1
i=0
bi Di (T n).
The induction hypothesis allows us to rewrite this as
bn= f (T n) Dn(T n)& :
n&1
i=0 \ :
i
j=0
(&1) i& j f (T j) Dj (T i)+ Di (T n).
Interchanging the sum yields
bn= f (T n) Dn(T n)& :
n&1
j=0 \ :
n&1
i= j
(&1) i& j Dj (T i) Di (T n)+ f (T j)
Using the definition of Dn , rewrite bn as
bn= f (T n) Dn(T n)& :
n&1
j=0 \ :
n&1
i= j
(&1) i& j \ ij+\
n
i+ T n& j+ f (T j).
Use a simple binomial identity ( ni )(
i
j)=(
n
j )(
n& j
i& j ) and rewrite this as
bn= f (T n) Dn(T n)& :
n&1
j=0 \ :
n&1
i= j
(&1) i& j \n& ji& j +\
n
j++ T n& jf (T j).
A simple identity n&1i= j (&1)
i& j ( n& ji& j )=(&1)
n& j+1 gives
bn= f (T n) Dn(T n)+ :
n&1
j=0
(&1)n& j \ nj+ T n& jf (T j).
Finally the desired result follows from the definition of hyperdifferential
operators. K
Both proofs of Snyder and the author do depend on Wagner’s Theorem 2.6
and involve some computations of deriving a relation of hyper-differential
operators with Carlitz linear polynomials. On the other hand, motivated by
these works, K. Conrad [Co] gave a simple and alternate proof using
Serre’s lemma (Lemme I in [Se]). His proof is independent of Wagner’s
result and it does not concern computations. By Serre’s lemma, proving
Theorem 3.5 (1) boils down to showing that for any n1, D 0 , D 1 , ...,
D n&1 is a basis of the linear space of Fq[T ]T n into Fq . For cardinality
reason, it suffices to show that they are linearly independent over Fq . As
Fq -linear functionals of Fq[T ]T n, the reduced functions, D 0 , D 1 , ..., D n&1
are dual to a basis 1, T, ..., T n&1 for the vector space Fq[T ]T n as D i (T j)
=$ij . We are thus done.
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There Conrad also developed the digit principle, which is a remarkable
construction of orthonormal bases for the entire space, C(O, K ) out of
known orthonormal bases for LC(O, K ) via the q-adic digit expansion. Let
j=:0+:1 q+ } } } +:sqs in q-adic expansion and for a given orthonormal
basis [en]n0 of LC(O, K ), we associate the function
Ej :=e:00 e
:2
1 } } } e
:s
s .
Then [Ej] j0 turns out to an orthonormal basis of C(O, K). To sum up we
state the digit principle for later use.
Theorem 3.8 (Digit Principle). If [en]n0 is an orthonormal basis of
LC(O, K ), then [Ej] j0 is an orthonormal basis of C(O, K ).
Proof. See [Co] for proof. K
Remark 3.9. Applying [En]n0 to Serre’s Lemma we also give a simple
proof of Theorem 2.6 and then Theorem 2.4 (1) follows immediately from
the digit principle (see [Co] and [J3]). As for the coefficient formula for
continuous Fq -linear functions, it can be determined by the Carlitz
difference operators 2(n) in the following. For f # LC(O, K ), write f =
m=0 am Em(x) and apply 2
(n) to f. Then we use the formula (Lemma 3.1.5
[Go1]) to get
2(n)f (x)= :

m=0
am 2(n)(Em(x))= :

m=0
am(Em&n(x))q
m
.
Substituting 1 for x in the preceding equation gives the desired coefficient
for each n as it is given in Theorem 2.6.
We can generalize the result of Theorem 3.5. For f # LC(O, K ), write
f ( yx)=n=0 bn( y) Dn(x). Then the coefficient formula gives
bn( y)=(2nf )( y)= :
n
i=0
(&1)n&i f (T iy) Di (T n).
Hence the following is immediate.
Corollary 3.10. (2nf )( y)=ni=0 (&1)
n&i f (T iy) Di (T n).
Corollary 3.11. limn   2nf =0 (uniformly).
Proof. Write f =n=0 bnDn . Since bn  0 as n  , for given =>0,
there is an N such that if nN, then |bn |<=. For any nN, we have 2nf
=i=0 bn+i Di , so &2
nf &=maxin [ |b i |]<=. K
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Recall the Carlitz difference operators 2(n) in Eq. (2). These can be
viewed as K-linear continuous endomorphisms of LC(O, K ) by the following.
Theorem 3.12. 2(n), n0 are K-linear continuous endomorphisms of
LC(O, K ).
Proof. We use Theorem 3.5 to show that as endomorphisms of
LC(O, K ), 2(n) have bounded norm. In fact, &2(n)&=1. We refer to [J1] or
[J2] for a more detailed proof.
We mention here that for a fixed 2, the space of K-linear continuous
endomorphisms of LC(O, K ) commuting with 2 is isomorphic to the ring
of formal power series in 2 with bounded coefficients in K. Every K-linear
continuous endomorphism in such a space has a unique representation in
terms of both 2(n) and 2n. See [J2] for details.
4. FORMULA FOR DIGIT DERIVATIVE COEFFICIENTS
In the previous section we mentioned that the sequence of hyperdifferential
operators, [Dn]n0 forms an orthonormal basis of the subspace LC(O, K ).
The digit derivatives, denoted Dj , are formed from hyperdifferential
operators Dn in the same way that Carlitz forms Carlitz polynomials Gj out
of Carlitz linear polynomials En via the q-adic digit expansion of j. It
follows by the digit principle that [Dj]j0 forms an orthonormal basis of
C(O, K). In this section, we aim to derive the formula for the digit
derivative coefficients following Carlitz’s arguments used for deriving the
formula for Carlitz polynomial coefficients. To begin with, it is now
necessary to introduce the terminology order of a function in the K-linear
span generated by the digit derivatives, which corresponds to the degree of
a polynomial.
Definition 4.1. Let j=:0+:1 q+ } } } +:sqs in q-adic expansion, put
Dj (x) := ‘
s
n=0
D:nn (x), j1; D0(x)=1.
We call [Dj (x)] j0 digit derivatives.
(2) Set
Dj*(x) := ‘
s
n=0
D*:n qn(x),
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where
D*:q n(x)={D
:
n(x)
D:n(x)&1
if 0:<q&1
if :=q&1.
(3) For f # SpanK[Dj , j0], write f =dj=0 Bj D j . We say that f has
order d if d is the maximum of those j with Bj{0 in the expansion of f.
Note that Dqn(x)=D*qn(x)=Dn(x) and D j and D j* have order j. Since Dj
and Gj are q-adic extensions of Dn and En via the digit expansion, the digit
derivatives Dj have the same property with the Carlitz polynomials Gj such
as the binomial formula below. Note like Gj (x) and Gj*(x) that Dj (x) and
Dj*(x) are integral-valued functions as &D j& and &Dj*& are 1.
Proposition 4.2. (1) Dj (:x)=: j Dj (x) for : # Fq*.
(2) Dj (x+u)=e+ f= j ( je) De(x) Df (u).
(3) Dj*(:x)=: j Dj*(x) for : # Fq*.
(4) Dj*(x+u)=e+ f= j ( je) De(x) Df*(u).
Proof. It follows from Lucas’ Theorem. See [C2] or [Sn] for proofs.
As a corollary the following is immediate since ( q
s&1
: )=(&1)
: in Fq .
Corollary 4.3. (1) Dqs&1(x+u)=e+ f=qs&1 (&1)e De(x) Df (u).
(2) Dq s&1(x&u)=e+ f=qs&1 De(x) Df (u).
(3) D*q s&1(x+u)=e+ f=qs&1 (&1)e De(x) Df*(u).
(4) D*q s&1(x&u)=e+ f=qs&1 De(x) Df*(u).
Now we need to get the orthogonality formula for the digit derivatives
parallel to that for Carlitz polynomials in [C2]. Carlitz derived it for Carlitz
polynomials by using an auxiliary interpolation polynomial associated to a
polynomial. We here use his idea to derive the orthogonality formula for
the digit derivatives.
Let f =dj=0 BjDj be a representation of f of order d in SpanK[D j ,
j0]. Let s be any integer so that d<qs. To a given f we associate
,(x)= :
deg(:)<s
: # Fq[T ]
f (:) D*q s&1(x&:).
Then note that ,(x) is of order <qs and as D*qs&1 kills all polynomials :
in T of degree <s excluding 0, we see that ,(:)=(&1)s f (:) for qs polyno-
mials : in T of degree less than s. Unlike the polynomial situation, we can
not deduce directly ,(x)=(&1)s f (x) from this. But using Proposition 3.1
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and the multinomial formula we can write Dj (x)=k j C jk Gk (x) with
C jk # O and C
j
j =1. Let H(x)=,(x)&(&1)
s f (x). Then it is easy to see that
H(x) is of order d $<qs so write H(x)=d $j=0 Bj Dj (x) and then we
obviously see H(:)=0 for all polynomials : in T of degree <s. Rewrite this
as, in terms of Carlitz polynomials Gj ,
H(x)= :
d $
j=0
Bj :
k j
C jk Gk (x)
= :
d $
k=0 \ :
k
j=0
Bj C jk+ Gk (x)+ :kd $+1 \ :
d $
j=0
Bj C jk+ Gk (x).
From the coefficient formula in Theorem 2.4, we get, for each kd $<qs,
:
k
j=0
BjC jk=(&1)
s :
deg(:)<s
: # Fq[T ]
G*qs&1&k (:) H(:)=0.
As (C jk) is a lower-triangular matrix with diagonal entries 1, we get
Bj=0 for each 0 jd $. This concludes that ,(x)=(&1)s f (x). Using
Corollary 4.3(4), rewrite
,(x)= :
q s&1
j=0 \ :
deg(:)<s
: # Fq[T ]
f (:) D*q s&1& j (:)+ D j (x).
By equating the coefficients of the equation ,(x)=(&1)s f (x) we yield the
following.
Theorem 4.4. Let f =dj=0 Bj Dj be a representation of f of order d in
SpanK [Dj , j0]. Then Bj are determined uniquely by the formula: For any
integer s satisfying d<qs,
Bj=(&1)s :
deg(:)<s
: # Fq[T ]
D*qs&1& j (:) f (:).
By applying f =Dk (x) of order k to Theorem 4.4 we immediately get the
orthogonality formula.
Corollary 4.5. For l<qs, k an arbitrary integer 0,
:
deg(:)<s
: # Fq[T ]
D l*(:) Dk (:)={0(&1)s
if k+l{qs&1
if k+l=qs&1.
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We are now interested in the expansion of functions in C(O, K ) rather
than in SpanK[Dj , j0]. If f is represented as an infinite K-linear
combination of the digit derivatives Dj , that is, f (x)=j=0 Bj Dj (x), then
the formula for the coefficients will be derived easily from Theorem 4.4.
To see this, as done by Carlitz, divide f into the two sums as follows:
f = :
j<q s
B j Dj (x)+ :
jqs
Bj Dj (x).
For : polynomial in T of degree <s satisfying qs> j, we see clearly f (:)=
f1(:) where f1(x) is the first sum, which is a function of order <qs. By the
coefficient formula in Theorem 4.4, we get, for j<qs,
Bj=(&1)s :
deg(:)<s
: # Fq[T ]
D*qs&1& j (:) f1(:)
=(&1)s :
deg(:)<s
: # Fq[T ]
D*qs&1& j (:) f (:).
Applying [Dn]n0 in Theorem 3.5 to the digit principle we conclude the
following from the discussion above.
Theorem 4.6. (1) [Dj (x)] j0 are orthonormal bases of C(O, K ).
(2) Let f =j0 Bj D j (x) be a representation of f # C(O, K). Then the
coefficients Bj are determined by the formula: For any integer s such that qs> j,
Bj=(&1)s :
deg(:)<s
: # Fq[T ]
D*qs&1& j (:) f (:).
Remark 4.7. (1) It is noted that Theorem 4.6(1) also follows from a
simple Lemma 1 in [J3] by computing &Gj (x)&Dj (x)&<1 and Wagner’s
result (Theorem 2.4). Moreover, the two sets of Carlitz polynomials and
the digit derivatives are essentially equivalent, in a sense that [Gj] j0 being
an orthonormal basis for C(O, K) can be deduced from knowing that
[Dj] j0 is an orthonormal basis and vice versa. In fact, it follows from the
digit principle and the norm inequality &En(x)&Dn(x)&<1. We refer to
[J3] for details.
(2) The coefficient formula in Theorem 4.6 also follows from the
orthogonality formula for the digit derivatives (Corollary 4.5) as it is
verified in [J3].
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